
Introduction

Properties of thin liquid films play an important role in
the stability of foams, emulsions, and suspensions [1]
and are closely related to the prewetting of interfaces [2,
3] and the diffusion through a film [4]. Thin liquid films
made from surfactant solutions form black films stabi-
lized by the adsorption of surfactants at the film inter-
faces in the presence of inorganic salts. The black films
can be a model of bilayers and the interaction between
the interfaces in the film provides direct information
about the surface forces and colloidal stability [1, 5, 6].

It is essential to obtain thermodynamic quantities of a
thin liquid film in order to elucidate structure and
physico-chemical properties of the film and interaction
between interfaces in the film. Thermodynamics of thin

liquid films has been developed by employing the film
excess convention by Derjaguin [7, 8] and the surface
excess one first by Rusanov [8, 9, 10] and subsequently
by others [11, 12, 13]. These conventions eliminate the
pressure in the phases separated by the film from ther-
modynamic variables and don’t provide information
about the volume conjugated with the pressure. Fur-
thermore, from a rigorous thermodynamic viewpoint,
fundamental equations based on those conventions are
not applicable to experimental data because film exper-
iments are usually conducted under constant pressure in
the ambient phases.

In the previous studies on adsorption at interfaces
based on the Hansen convention [14, 15, 16, 17, 18, 19,
20], pressure dependence of interfacial tension was
proved to afford the volumes associated with interface
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formation, adsorption, and micelle formation. There-
fore, thermodynamic formulation of thin liquid films
employing pressure as an independent variable based on
a new convention is highly required and the difference in
thermodynamic quantities between film interface and
bulk one is to be elucidated. This study aims to: (i) de-
velop thermodynamics of plane-parallel films by using
the convention which adopts the pressure in the phases
surrounding on both sides of the film as a thermody-
namic variable, (ii) clarify the physical meaning of the
thermodynamic quantities of a film using quasi-ther-
modynamics, and (iii) compare the resultant equations
with those for adsorption at the bulk interfaces coexis-
ting in equilibrium with the film.

Fundamental equations

Let us consider a plane-parallel film formed from phase L
between phases A and B and in equilibrium with the phases
as shown inFig. 1a; componentsa,b, and lare the solvents in
the phases A, B, and L, respectively, and 1,...,c are the sol-
utes, which are taken to be nonionic for simplicity; total
number of components in the system is c+3. The effects of
gravity and line tension are assumed to be negligible. At
equilibrium, temperature Tand chemical potentials of
components la,lb,ll,l1,...,lC are uniform throughout the
system. However, pressure pL in the phase L is different
from pressure p in the phases A and B. The Gibbs-Duhem
equation for the system can be expressed by

�SdT þ V dp � rdcf � nadla � nbdlb � nldll

�
Xc

i¼1
nidli ¼ 0 ð1Þ

in the same form as the one for the corresponding system
of interface [14, 21], where S denotes the entropy of the
system, V the volume, rthe film area, cf the film tension,
and na,nb,nl,n1, ...,nC the numbers of moles of the com-
ponents. The Gibbs-Duhem equations for the phases A,
B, and L per unit volume of phase are expressed by

�sAdT þ dp � cAa dla � cAb dlb � cAl dll �
Xc

i¼1
cAi dli ¼ 0

ð2Þ

�sBdT þ dp � cBa dla � cBbdlb � cBl dll �
Xc

i¼1
cBi dli ¼ 0

ð3Þ

and

�sLdT þ dpL � cLadla � cLb dlb � cLl dll �
Xc

i¼1
cLi dli ¼ 0

ð4Þ

respectively, where s and ci denote the entropy and the
number of moles of component i per unit volume.
Subtracting Eqs. (2) - (4) multiplied by the volumes
VA,VB, and VLof the phases A, B, and L, respectively
from Eq. (1) and employing one of the conventions
developed for adsorption at the interface with a floating
liquid-lens [21], we have

dcf ¼ �sfdT þ vf þ vL
� �

dp � vLdpL �
Pc

i¼1
Cf

idli ð5Þ

¼ �sfdT þ vfdp þ vLdP�
Xc

i¼1
Cf

idli ð6Þ

where excess quantity nfi of component i and the nf
i per

unit film area, Cf
i , which we call film density, and the

corresponding thermodynamic quantities Yf and yf are
defined by

Cf
i ¼ nf

i=r
¼ ni � V AcAi � V BcBi � V LcLi
� �

=r; i ¼ 1; . . . ; cð Þ
ð7Þ

and

yf ¼ Y f=r
¼ Y � V AyA � V ByB � V LyL
� �

=r; y ¼ s; vð Þ ð8Þ

and volume mL of the phase L per unit film area is by

vL ¼ V L=r ð9Þ

and for an equilibrium plane film, pressure difference
p)pLis equal to the Derjaguin disjoining pressure P [10,
11, 22],

P ¼ p � pL: ð10Þ

Effective disjoining pressure is zero for the equilibrium
film under consideration [23]. Locations of four dividing
planes, which decide VA,VB, and VL, were chosen so that
the film densities of all the solvents are simultaneously
zero:

Cf
a ¼ Cf

b ¼ Cf
l ¼ 0: ð11Þ

Equation (6) shows cf as a function of c+3 indepen-
dent variables T, p, P, l1, ...lc, which is consistent
with an analogue of Gibbs’ phase rule for a capillary
system with thin liquid films [24]. It is worth noting
that the above convention is symmetric with respect to
the solvent components and in conformity with the
Hansen convention [14, 25, 26] for bulk interfaces
when the film is thick and its core is identical with the
phase L. The film excess and surface excess conven-
tions correspond to

vf ¼ vL ¼ 0; Cf
i ¼ 0; i ¼ a or bð Þ ð12Þ
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and

vf ¼ 0; Cf
i ¼ Cf

j ¼ 0; i; j ¼ a; b or l; i 6¼ jð Þ ð13Þ

respectively: in the former the excess quantities of a film
are defined with respect to the one dividing plane
(vf=vL=0) location of which is determined by Cf

i ¼ 0
and in the latter with respect to the two dividing planes
(vf=0) locations of which are by Cf

i ¼ Cf
j ¼ 0. The set of

variables {T,lj,ll,l1, ...,lc; j=a or b, „ i in Eq. (12)} is
taken in the film excess convention and {T,P,lk,
l1,...,lc; k=a,b or l, „ i, j in Eq. (13)} is by the surface
excess one and p is eliminated from independent vari-
ables in both the conventions.

In order to clarify the contribution of each film
interface in a film to the thermodynamic quantities of
the film and the difference in thermodynamic quantities
between the film interface and bulk one, the Gibbs-
Duhem equation for the system can also be expressed in
terms of film interfacial tension cFA and cFB against the
phases A and B [23, 27], respectively as

� SdT þ V dp � rsdP� rPds� rd cFA þ cFB
� �

� nadla � nbdlb � nldll �
Xc

i¼1
nidli ¼ 0 ð14Þ

(Appendix I). In the same manner as that used to derive
Eq. (6) and replacing Eq. (1) by Eq. (14), we have

d cFA þ cFB
� �

¼ sFA þ sFB
� �

dT þ vFA þ vFB
� �

dp

�ðs� vLÞdP�Pds�
Xc

i¼1
CF;A

i þ CF;B
i

� �
dli ð15Þ

where s is the distance between the surfaces of tension
for the film interfaces. Excess quantity nF;Ki and interfa-
cial density CF;K

i of component i ascribed to the film
interface against the phase K and the corresponding
thermodynamic quantities Y F

K and yFKare defined by

CF;K
i ¼ nF;Ki =r

¼ nK�
i �V KcKi �V L

K cLi
� �

=r; i ¼ 1; . . . ; c; K ¼ A, Bð Þ

ð16Þ

and

yFK ¼ Y F
K=r ¼ Y K� � V KyK � V L

K yL
� �

=r;

y ¼ s; m; K ¼ A; Bð Þ ð17Þ

where nK�i and YK* are the number of moles of
component i and the thermodynamic quantity of the
part K* of the system separated by the surface of
tension for the film, respectively. The surface of ten-
sion also divides VL into V L

A and V L
B as shown in

Fig. 1b. By definition,

Cf
i ¼ CF;A

i þ CF;B
i ð18Þ

cf ¼ cFA þ cFB� ð19Þ

We can also obtain Eq. (15) by substituting the
equation for mechanical equilibrium of the system
[27]

cf ¼ cFA þ cFB þPs ð20Þ

into Eq. (6). From Eq. (15) we notice that the film
interfacial tension is apparently dependent on s other
than T,p, P,l1,ÆÆÆ,lc, and the thermodynamic quantity of
each film interface like CF;K

i and yFKcannot be obtained
separately.

From an experimental viewpoint, it is advantageous
to take T, p, P, and the molalities of solute compo-
nents as independent variables (Appendix II). For the
case of adsorption at film interfaces from the phase L
which is assumed to be an ideal solution, Eqs. (6) and
(15) reduce to

dcf ¼� sf �
Xc

j¼1
Cf

jsj

 !
dT þ mf �

Xc

j¼1
Cf

jmj

 !
dp

þ mL þ
Xc

j¼1
Cf

jmj

 !
dP�

Xc

j¼1
RT=mið ÞCf

idmi ð21Þ

and

Fig. 1 Schematic illustrations of: a a plane-parallel film formed
from the phase L between the phases A and B; b regions in the
plane-parallel film separated by the surfaces of tension and the
dividing planes. (- - -): surface of tension; (———): dividing plane
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d cFAþcFB
� �

¼� sFAþ sFB�
Xc

j¼1
CF;A

j þCF;B
j

� �
sjþP @s=@Tð Þp;P;m

" #
dT

þ vFAþvFB�
Xc

j¼1
CF;A

j þCF;B
j

� �
vj�P @s=@pð ÞT ;P;m

" #
dp

þ vLþ
Xc

j¼1
CF;A

j þCF;B
j

� �
vj� @ Psð Þ=@P½ �T ;p;m

( )
dP

�
Xc

j¼1
RT =mið Þ CF;A

i þCF;B
i

� �
þP @s=@mið ÞT ;p;P;mi

h i
dmi

ð22Þ

respectively, where subscript m represents m1,...,mc are
kept constant. Equations (21) and (22) show that
sf; vf; vL; Cf

1; . . . ;Cf
ccan be obtained from the depen-

dence of cf or cFA; cFB, and s on T, p, P, m1,...,mc. Ther-
modynamic equations for adsorption from the other
phases can be derived as well.

Thermodynamic quantity change associated
with adsorption and thermodynamic film thickness

Quasi-thermodynamics correlates the local thermody-
namic quantities of inhomogeneous regions like interfaces
and thin liquid films to their excess thermodynamic
quantities [14, 28]. According to the rectangular coordi-
nate system defined in Appendix I, let us make the film
region be shown by IA<z<IB, the phase A by z £ IA, and
the phase B by z ‡IB. The film density is expressed by

Cf
i ¼

R1
�1 ci zð Þ� cABL

i zð Þ
� �

dz¼
R IB
IA

ci zð Þ� cABL
i zð Þ

� �
dz

¼ CI
i � CI;A

i þCI;B
i þCI;L

i

� �
; i¼ a;b; l;1; . . . ;cð Þ

ð23Þ

where

cABL
i zð Þ ¼ 1� A zþ vFA þ vLA

� �� �
cAi

þ A zþ vLA
� �

� A z� vLB
� �� �

cLi
þ A zþ vFB � vLB

� �
cBi ð24Þ

A(z) being the step function given by Eq. (I.3) in
Appendix I. CI

i is the film density of component i inherent
in the film, CI;A

i ; CI;A
i ; and CI;L

i are the ones in the por-
tions of the film region which is separated by the divid-
ing planes as shown in Fig. 1b and they are expressed by

CI
i ¼

Z IB

IA

ci zð Þdz ð25Þ

CI;A
i ¼ cAi

Z � vF
A
þvL

Að Þ

IA

dz ð25aÞ

CI;B
i ¼ cBi

Z IB

vF
B
þvL

B

dz ð25bÞ

CI;L
i ¼ cLi

Z vLB

�vL
A

dz ð25cÞ

respectively. It follows from Eq. (11) that

CI
i ¼ CI;A

i þ CI;B
i þ CI;L

i ; i ¼ a; b; lð Þ: ð26Þ

The excess thermodynamic quantity can be expressed
by

yf¼
Z 1

�1
y zð Þ � yABL zð Þ
� �

dz ¼
Z IB

IA

y zð Þ � yABL zð Þ
� �

dz

¼
Xc

i¼a

Z IB

IA

ci zð Þyi zð Þ � cABL
i zð ÞyABL

i zð Þ
� �

dz ð27Þ

where

yABL zð Þ ¼ 1� A zþ vFA þ vLA
� �� �

yA

þ A zþ vLA
� �

� A z� vLB
� �� �

yL

þ A z� vFB � vLB
� �

yB ð28Þ

and we used the relation between thermodynamic quan-
tity y and partial molar quantity yi for the bulk phase

y ¼
Xc

i¼a

ciyi ð29Þ

and the corresponding one between y(z) and yi(z) for the
film region

y zð Þ ¼
Xc

i¼a

ci zð Þyi zð Þ ð30Þ

The integral in Eq. (27) can be reduced to

Z IB

IA

ci zð Þyi zð Þ � cABL
i zð ÞyABL

i zð Þ
� �

dz ¼
Z IB

IA

ci zð Þyi zð Þdz

� cAi yAi

Z � vF
A
þvL

Að Þ

IA

dzþcBi yBi

Z IB

vF
B
þvL

B

dzþcLi yi

Z vLB

�vL
A

dz

" #

¼ CI
i y

I
i � CI;A

i yAi þ CI;B
i yBi þ CI;L

i yi

� �
ð31Þ

¼ CI
iDyi; i ¼ a; b; lð Þ ð31aÞ

¼ Cf
iy

f
i ; i ¼ 1; . . . ; cð Þ ð31bÞ

where mean partial molar quantities �yIi and �yfiare defined
by

�yIi ¼
Z IB

IA

ci zð Þyi zð Þdz=
Z IB

IA

ci zð Þdz ð32Þ
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and

�yfi ¼
Z IB

IA

ci zð Þyi zð Þ � cABL
i zð ÞyABL

i zð Þ
� �

dz=

Z IB

IA

ci zð Þ � cABL
i zð Þ

� �
dz ð33Þ

respectively and change Dyi in the partial molar quantity
of solvent i associated with adsorption is written by

Dyi ¼ �yIi � CI;A
i yAi þ CI;B

i yBi þ CI;L
i yi

� �
=CI

i : ð34Þ

The terms CI
i and Cf

i ; and �yIi ; and �yfi should be dis-
tinguished from each other because CI

i and �yIi are the
quantities inherent in the film and Cf

i ; and �yfiare the
excess ones defined with respect to the dividing planes.
Substituting Eqs. (31a) and (31b) into Eq. (27) leads
to

yf ¼ CI
aDya þ CI

bDyb þ CI
lDyl þ

Xc

i¼1
Cf

iy
f
i ð35Þ

We hence define thermodynamic quantity change Dyf
associated with adsorption of solutes at the film inter-
faces from the phase L by

Dyf ¼ yf �
Xc

i¼1
Cf

iyi

¼ CI
aDya þ CI

bDyb þ CI
lDyl þ

Xc

i¼1
Cf

i �yfi � yi
� �

ð36Þ

On the other hand, it follows from Eq. (25c) that

vL ¼ CI;L
l =cLl ð37Þ

sf can then be defined by

sf ¼ vL þ
Xc

i¼1
Cf

ivi ¼ CI;L
l =cLl þ

Xc

i¼1
Cf

ivi ð38Þ

where the first term in the right-hand side is the thick-
ness of film core equivalent to the phase L and the sec-
ond one the total thickness of adsorbed films at the film
interfaces reduced to the partial molar volumes of sol-
utes in the phase L. We call sfthermodynamic film
thickness because it is defined in terms of thermody-
namic quantities. The thermodynamic thickness may
correspond to the experimental thickness obtained from
an interferometric thickness measurement based on the
three-layer model of films [29, 30] which makes a film
consist of a film core and two layers ascribed to the
adsorbed films at film interfaces. The distance between
two dividing planes in the surface excess convention was
also termed thermodynamic thickness [8, 31], but there is
no confusion of their use because the difference between

the two thermodynamic thicknesses is explicit. The
thermodynamic thickness sf and the mechanical one s
should also be distinguished from each other even if they
give a similar value for a thick film.

Substituting Eqs. (36) and (38) into Eqs. (21) and
(22), we have

Dsf¼� @cf=@T
� �

p;P;m ð39Þ

¼� @ cFA þ cFB
� �

=@T
� �

p;P;m �P @s=@Tð Þp;P;m ð39aÞ

Dvf¼ @cf=@p
� �

T ;P;m ð40Þ

¼ @ cFA þ cFB
� �

=@p
� �

T ;P;m þP @s=@pð ÞT ;P;m ð40aÞ

sf¼ @cf=@P
� �

T ;P ;m ð41Þ

¼ @ cFA þ cFB
� �

=@P
� �

T ;p;m þ @ Psð Þ=@P½ �T ;p;m ð41aÞ

Cf
i¼� mi=RTð Þ @cf=@mi

� �
T ;p;P;mi

ð42Þ

¼ � mi=RTð Þ
n
@ cFA þ cFB
� �

=@mi
� �

T ;p;P;mi

þP @s=@mið ÞT ;p;P;mi

o
; i ¼ 1; � � � ; cð Þ ð42aÞ

We can obtain the entropy and volume changes asso-
ciated with adsorption at film interfaces, the thermo-
dynamic film thickness, and the film densities of solute
components by applying the above equations to the
film tension, or the film interfacial tensions and
mechanical film thickness as a function of the inde-
pendent variables.

The corresponding energy change Duf and enthalpy
change Dhf can also be evaluated; combination of Eq.
(36) and the following equations

H ¼ U þ pV � cfr ð43Þ

G ¼ H � TS ð44Þ

U, H, and G being the energy, enthalpy, and Gibbs free
energy of the system, respectively, leads to

Dgf ¼ Dhf � TDsf ð45Þ

and

Duf ¼ Dhf � pDvf �Psf þ cf ð46Þ

Since Dgf=0 by definition,

Duf ¼ TDsf � pDvf �Psf þ cf ð47Þ

and

Dhf ¼ TDsf ð48Þ
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Difference in thermodynamic quantity between film
interface and bulk one

When a film is thin, structure and properties of the film
interfaces are different from those of the corresponding
thick film because interaction takes place between the
interfaces in the film. It is useful to see the difference in
thermodynamic properties between the film interfaces
and the adjacent meniscuses coexisting at equilibrium
because they are identical with each other when the film
is thick.

The interfacial tension cK of the phase L against the
phase K can be expressed by

dcK ¼ �sHKdT þ vH;KK dp þ vH;LK dpL �
Pc

i¼1
CH;K

i dli

¼ �DsKdT þ DvKdp þ
Pc

j¼1
CH;K

j vj � vH;LK dP

 

�
Pc

i¼1
RT=mið ÞCH;K

i dmi; K ¼ A, Bð Þ ð49Þ

employing the Hansen convention and assuming the
interfaces to be spherical [32] and the phase L to be an
ideal solution. Here CH;K

i ; sHK; and vHK are the interfacial
density of component i and the corresponding entropy
and volume, respectively, and vH;KK and vH;LK are the parts
of the H

K separated by the surface of tension for the
interface. Entropy change DsK and volume change DvK
associated with adsorption are defined by

DyK ¼ yHK �
Xc

i¼1
CH;K

i yi; y ¼ s; vð Þ ð50Þ

Combination of Eq. (49) with Eqs. (21) and (22) leads
to

DsfH¼� @ cf � cA � cB
� �

=@T
� �

p;P;m ð51Þ

¼� @ cFA � cA þ cFb � cB
� �

=@T
� �

p;P;m �P @s=@Tð Þp;P;m
ð51aÞ

DvfH¼ @ cf � cA � cB
� �

=@p
� �

T ;P;m ð52Þ

¼ @ cFA � cA þ cFB � cB
� �

=@p
� �

T ;P;m þP @s=@pð ÞT ;P;m
ð52aÞ

Pc

j¼1
CfH

j vj � vfH;L þ s¼ @ cf � cA � cB
� �

=@P
� �

T ;p;m ð53Þ

¼ @ cFA � cA þ cFB � cB
� �

=@P
� �

T ;p;m þ @ Psð Þ=@P½ �T ;p;m
ð53aÞ

CfH
i ¼� mi=RTð Þ @ cf � cA � cB

� �
=@mi

� �
T ;p;P;mi

ð54Þ

¼� mi=RTð Þ @ cFA � cA þ cFB � cB
� �

=@mi
� �

T ;p;P;mi

n

þP @s=@ið ÞT ;p;P;mi

o
; i ¼ 1; . . . ; cð Þ

ð54aÞ

where difference CfH
j between the film density and

interfacial densities and the corresponding thermody-
namic quantities DyfH are defined by

CfH
j ¼ Cf

j � CH;A
j þ CH;B

j

� �
¼ CFH;A

j þ CFH;B
j ð55Þ

and

DyfH ¼ Dyf � DyA þ DyBð Þ
¼ DyFHA þ DyFHB ; y ¼ s; vð Þ ð56Þ

respectively, CFH;K
j and DyFHK being the differences in

interfacial density and thermodynamic quantity change
between the film interface and adjacent meniscus,

CFH;K
j = CF;K

j � CH;K
j ; K ¼ A; Bð Þ ð57Þ

DyFHK ¼ DyFK � DyK ð58Þ

DyFK ¼ yFK �
Xc

i¼1
CF;K

i yi ð59Þ

Here we used the relation

sf ¼
Xc

j¼1
Cf

jvj � vF;LA þ vF;LB

� �
þ s ð60Þ

and the vfH,L defined by

vfH:L ¼ vFH;LA þ vFH;LB ¼ vF;LA � vH;LA þ vF;LB � vH;LB ð61Þ

where vF;LA and vF;LB are the parts of the vFA þ vFB divided
by the surfaces of tension for the film interfaces,
respectively, as shown in Fig. 1b.

We can obtain cf)cA)cB directly from the contact
angles between the film and the meniscuses or
cFA � cA þ cFB � cB from the ones between the film inter-
faces and the meniscuses [8, 33] if cA and cB are known,
and then evaluate the differences in thermodynamic
quantities by applying Eqs. (51) - (54a) to the experi-
mental results of the tension differences. The corre-
sponding differences DufH and DhfH in energy and
enthalpy changes can be derived from Eqs. (47),
(48), (56) and the analogues of Eqs. (47) and (48) for
meniscuses:
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DufH ¼ T DsfH � pDvfH �P
Xc

j¼1
CfH

j vj � vfH;L þ s

 !

þ cf � cA � cB
ð62Þ

DhfH ¼ TDsfH ð63Þ

Application to a symmetric film and the case
in which solvents are immiscible

Symmetric film

Studies of symmetric films like foam and emulsion films
are more fundamental than those of asymmetric films
because the two film interfaces in a symmetric film are
identical with each other and hence the thermodynamic
quantities of single film interface and the interaction
between the same interfaces can be obtained, unlike the
cases of asymmetric films.

For a symmetric film, let cF; c; CF
i ; and DyFbe the

film interfacial tension, the interfacial tension of the
adjacent meniscus, the interfacial density of component i
at film interface, and the thermodynamic quantity
change associated with adsorption at film interface,
respectively. Equations (20), (18), and (36) then reduce
to

cf ¼ 2cF þPs ð64Þ

Cf
i ¼ 2CF

i ; i ¼ 1; . . . ; cð Þ ð65Þ

Dyf ¼ 2DyF; y ¼ s; v; u; hð Þ ð66Þ

respectively. Substitution of Eqs. (64) - (66) into Eqs.
(39) - (40a), (41a) - (42a), (47), and (48) gives

DsF¼� 1=2ð Þ @cf=@T
� �

p;P;m ð67Þ

¼ � @cF=@T
� �

p;P;m � 1=2ð ÞP @s=@Tð Þp;P;m ð67aÞ

DvF¼ 1=2ð Þ @cf=@p
� �

T ;P;m ð68Þ

¼ @cF=@p
� �

T ;P;m þ 1=2ð ÞP @s=@pð ÞT ;P;m ð68aÞ

sf¼ @cF=@P
� �

T ;p;m þ @ Psð Þ=@P½ �T ;p;m ð69Þ

CF
i ¼� 1=2ð Þ mi=RTð Þ @cf=@mi

� �
T ;p;P;mi

ð70Þ

¼� mi=RTð Þ @cF=@mi
� �

T ;p;P;mi
þ 1=2ð ÞP @s=@mið ÞT ;p;P;mi

h i
;

i¼ 1; . . . ;cð Þ ð70aÞ

DuF ¼ T DsF � pDvF � 1=2ð ÞP sf � s
� �

þ cF ð71Þ

DhF ¼ T DsF ð72Þ

Equations. (55), (56), and (61) similarly reduce to

CfH
i ¼ 2CFH

i ð73Þ

DyfH ¼ 2DyFH ð74Þ

and

vfH;L ¼ 2vFH;L ð75Þ

respectively, where CFH
i is the difference in interfacial

density of component i between the film interface and
the meniscus and DyFHis the corresponding difference in
thermodynamic quantity change associated with
adsorption. Substituting Eqs. (73) - (75) into Eqs. (51) -
(54a), (62), and (63) we have

DsFH¼� 1=2ð Þ @ cf � 2c
� �

=@T
� �

p;P;m ð76Þ

¼� @ cF � c
� �

=@T
� �

p;P;m � 1=2ð ÞP @s=@Tð Þp;P;m ð76aÞ

DvFH¼ 1=2ð Þ @ cf � 2c
� �

=@p
� �

T ;P;m ð77Þ

¼ @ cF � c
� �

=@p
� �

T ;P;m þ 1=2ð ÞP @s=@pð ÞT ;P;m ð77aÞ

Pc

j¼1
CFH

j vj�vFH;L þ 1=2ð Þs¼ 1=2ð Þ @ cf � 2c
� �

=@P
� �

T ;p;m

ð78Þ

¼ @ cF � c
� �

=@P
� �

T ;p;m þ 1=2ð Þ @ Psð Þ=@P½ �T ;p;m ð78aÞ

CFH
i ¼� 1=2ð Þ mi=RTð Þ @ cf � 2c

� �
=@mi

� �
T ;p;P;mi

ð79Þ

¼� mi=RTð Þ

@ cF � c
� �

=@mi
� �

T ;p;P;mi
þ 1=2ð ÞP @s=@mið ÞT ;p;P;mi

n o
;

i ¼ 1; . . . ; cð Þ ð79aÞ

DuFH ¼TDsFH � pDvFH �P
Xc

j¼1
CFH

j vj � vFH;L
 !

þ cF � c ð80Þ

DuFH ¼ T DsFH ð81Þ

Case in which solvents are immiscible

When the solvents are practically immiscible among one
another and the phase L is not necessarily an ideal
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solution, the concentrations of solvents in the phases A,
B, and L are assumed to be zero except cAa ; cBb ; and cLl ,
and Eq. (II.17) in Appendix II then reduces to

dli ¼ sidT þ vidp � vidPþ
Xc

j¼1
lijdmj ð82Þ

Substituting Eq. (82) into Eqs. (6) and (15), we obtain
the same equations as Eqs. (39) - (41a) and

Xc

j¼1
Cf

jlji ¼ � @cf=@mi
� �

T ;p;P;mi
ð83Þ

¼� @ cFA þ cFB
� �

=@mi
� �

T ;p;P;mi
�P @s=@mið ÞT ;p;P;mi

;

i ¼ 1; . . . ; cð Þ ð83aÞ

Since

CI;A
a ¼ CI

a; CI;B
b ¼ CI

b; CI;L
l ¼ CI

l ð84Þ

and thereby from Eq. (34)

Dya ¼ �yIa � yAa ; Dyb ¼ �yIb � yBb ; Dyl ¼ �yIl � yl ð85Þ

Eqs. (36) and (38) reduce to

Dyf ¼ CI
a �yIa � yAa
� �

þ CI
b �yIb � yBb
� �

þ CI
l �yIl � yl
� �

þ
Xc

i¼1
Cf

i �yfi � yi
� �

ð86Þ

and

sf ¼ CI
l=cLl þ

Xc

i¼1
Cf

ivi ð87Þ

respectively. The right-hand side of Eq. (86) is the
change in thermodynamic quantity upon the formation
of film interfaces from the given phases, hence we call
Dyf the thermodynamic quantity of film-interface for-
mation. The first term in the right-hand side of Eq. (87)
just corresponds to the film core thickness in the three-
layer model of films. Duf and Dhf are given by the same
equations as Eqs. (47) and (48), respectively.

Equations for the difference in thermodynamic
quantity between film and meniscuses are identical with
those in the case of an ideal solution and those for the
difference between film density and interfacial densities
are expressed by

Xc

j¼1
CfH

j lji ¼ � @ cf � cA � cB
� �

=@mi
� �

T ;p;P;mi
ð88Þ

¼� @ cFA� cAþ cFB� cB
� �

=@mi
� �

T ;p;P;mi
�P @s=@mið ÞT ;p;P;mi

i¼ 1; . . . ;cð Þ: ð88aÞ

Appendix I

Let us consider the hypothetical system mechanically
equivalent to the actual system, which consists of three
phases A, B, and L and two surfaces of tension for the
film interfaces at which film interfacial tension is defined
as shown in Fig. 1b. We define a rectangular coordinate
system (x, y, z) with the z axis normal to the plane-
parallel film and directed from the phase A to the phase
B and with the (x, y) plane at the surface of tension for
the film; positions of the surfaces of tension for the film
interfaces are at z ¼ � vLA þ vF;LA

� �
and z ¼ vLB þ vF;LB .

Then the work dW done on the system by a small strain
is given by

dW¼�
Z Z Z 1

�1
pTexx þ pTeyy þ pNezz
� �

dxdydz

¼�
Z Z Z

pABL exx þ eyy þ ezz
� �

dxdydz

þ
Z

pABL � pT
� �

dz
Z Z

exx þ eyy
� �

dxdy

¼� p
Z Z Z

exx þ eyy þ ezz
� �

dxdydz
�

þ pL � p
� �Z vL

B
þvF;L

B

� vL
A
þvF;L

Að Þ
dz
Z Z

exx þ eyy
� �

dxdy

#

þ
Z 0

�1
pABL � pT
� �

dzþ
Z 1

0

pABL � pT
� �

dz
� �

Z Z
exx þ eyy
� �

dxdy

¼�pdVþPsdrþ cFA þ cFB
� �

dr ðI:1Þ

where pT is the tangential component of the pressure
tensor at z, directed along the film, pN is that normal to
the film, and exx,eyy, and ezz are the diagonal compo-
nents in the matrix of strain tensor. From the condition
of mechanical equilibrium, pN can be expressed by

pN zð Þ¼pABL zð Þ

¼ 1� A zþ vLA þ vF;LA

� �
p

h i

þ A zþ vLA þ vF;LA

� �
� A z� vLB � vF;LB

� �
pL

h i

þA z� vLB � vF;LB

� �
p ðI:2Þ

A(z) being the step function

A zð Þ¼1; z>0ð Þ
¼0; z\0ð Þ: ðI:3Þ
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Here we used the relations

cFA ¼
Z 0

�1
pN � pTð Þdz; cFB ¼

Z 1

0

pN � pTð Þdz ðI:4Þ

and

dV ¼
R R R

exx þ eyy þ ezz
� �

dxdydz;

dr ¼
R R

exx þ eyy
� �

dxdy;
ðI:5Þ

[34].
For the internal energy U of the system, we have from

Eq. [I.1]

dU ¼TdS � pdV þPsdrþ cFA þ cFB
� �

dr

þladna þ lbdnb þ lldnl þ
Xc

i¼1
lidni: ðI:6Þ

The enthalpy H and Gibbs free energy G are defined by

H ¼ U þ pV �Psr� cFA þ cFB
� �

r ðI:7Þ

and

G ¼ H � TS: ðI:8Þ

Hence

dG ¼�SdT þ V dp � rsdP� rPds� rd cFA þ cFB
� �

þladna þ lbdnb þ lldnl þ
Xc

i¼1
lidni: ðI:9Þ

It follows by Euler’s theorem that

G ¼ nala þ nblb þ nlll þ
Xc

i¼1
nili ðI:10Þ

Combination of Eqs. (I.9) and (I.10) yields Eq. (14).

Appendix II

The chemical potential of component i can be expressed
by

dli¼sAi dT þ vAi dp þ lA
ibdmA

b þ lA
ildmA

l þ
Xc

j¼1
lA

ijdmA
j ðII:1Þ

¼�sBi dT þ vBi dpþlB
iadmB

a þ lB
ildmB

l þ
Pc

j¼1
lB

ijdmB
j ðII:2Þ

¼�sidT þ vidpL þ liadma þ libdmb þ
Xc

j¼1
lijdmj;

i ¼ a; b; l; 1; . . . ; cð Þ ðII:3Þ

where mA
i ; mB

i ; and mi denote the molalities of compo-
nent i in the phases A, B, and L, respectively,

yAi ; yBi ; and yi the corresponding partial molar quanti-
ties, and lA

ij ; lB
ij; and lij the corresponding partial

derivatives of the chemical potential of component i with
respect to the molality of component j at constant
temperature and pressure defined by

lij ¼ @li=@mj
� �

mj
ðII:4Þ

subscript mj denoting all the molalities except mj

being kept constant. Let us consider the adsorption at
film interfaces from the phase L and take T, p, P,
m1,...,mc as experimental variables of the system.
Combinations of Eq. (II.3) with Eqs. (II.1) and (II.2)
yield

liadma þ libdmb � lA
ibdmA

b � lA
ildmA

l �
Pc

j¼1
lA

ijdmA
j

¼ � sAi � si
� �

dT þ vAi � vi
� �

dp þ vidP�
Pc

j¼1
lijdmj

ðII:5Þ

and

liadma þ libdmb � lB
iadmB

a � lB
ildmB

l �
Pc

j¼1
lB

ijdmB
j

¼ � sBi � si
� �

dT þ vBi � vi
� �

dp þ vidP�
Pc

j¼1
lijdmj

ðII:6Þ

Adding the sum of Eq. (II.5) multiplied by mA
i and the

one of Eq. (II.6) by mB
i yields

Pc

i¼a
mK

i lia

	 

dmaþ

Pc

i¼a
mK

i lib

	 

dmb

¼
Pc

i¼a
mK

i � sKi � si
� �

dT þ mKi � mi
� �

dpþ midP�
Pc

j¼1
lijdmj

" #
;

K¼A, Bð Þ
ðII:7Þ

where we used the Gibbs-Duhem equations for the
phases A and B at constant Tand p,

Xc

i¼a

mK
i lK

ij ¼ 0; j ¼ a; b; l; 1; . . . ; c; K ¼ A; Bð Þ

ðII:8Þ

Equation (II.7) can be rewritten as

DK
a dma þ DK

b dmb ¼ �DK
s dT þ DK

v dp þ DK
LdP

�
Xc

j¼1
DK

j dmj: K ¼ A; Bð Þ ðII:9Þ
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where DK
j ; DK

y ; and DK
Ldenote

DK
j ¼ mK

a laj þ mK
b lbj þ mK

l llj

þ
Xc

i¼1
mK

i lij j ¼ a; b; 1; . . . ; c; K ¼ A; Bð Þ ðII:10Þ

DK
y ¼ mK

a yKa � ya
� �

þ mK
b yKb � yb
� �

þ mK
l yKl � yl
� �

þ
Xc

i¼1
mK

i yKi � yi
� �

y ¼ s; v; K ¼ A; Bð Þ ðII:11Þ

DK
L ¼ mK

a va þ mK
b vb þ mK

l vl þ
Xc

i¼1
mK

i vi; K ¼ A; Bð Þ

ðII:12Þ

respectively, or in the matrix form

DA
a DA

b

DB
a DB

b

 !
dma

dmb

 !
¼

DA
s DA

v DA
L DA

1 � � � DA
c

DB
s DB

v DB
L DB

1 � � � DB
c

 !

�

� dT

dp

dP

� dm1

..

.

� dmc

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

ðII:13Þ

Hence we have the dependence of ma and mb on T, p, P,
m1,...,mc

dma ¼ D�1 �Da
sdT þ Da

vdp þ Da
LdP�

Xc

j¼1
Da

jdmj

 !

ðII:14Þ

dmb ¼ D�1 �Db
sdT þ Db

vdp þ Db
LdP�

Xc

j¼1
Db

jdmj

 !

ðII:15Þ

where D; Dk
s ; Dk

v ; Dk
L; and Dk

j ; k ¼ a; bð Þare the deter-
minants:

D¼ DA
a DA

b

DB
a DB

b

�����

�����; Da
x¼

DA
x DA

b

DB
x DB

b

�����

�����;

Db
x¼

DA
a DA

x

DB
a DB

x

�����

�����; x ¼ s; v; L; 1; . . . ; cð Þ ðII:16Þ

Eliminating d ma and d mb in Eq. (II.3) by use of Eqs.
(II.14) and (II.15), we have

dli ¼� si þ D�1 Da
s lia þ Db

s lib

� �� �
dT

þ vi þ D�1 Da
vlia þ Db

vlib

� �� �
dp

� vi � D�1 Da
Llia þ Db

Llib

� �� �
dP

þ
Xc

j¼1
lij � D�1 Da

j lia þ Db
j lib

� �h i
dmj: ðII:17Þ

Substitution of Eq. (II.17) into Eqs. (6) and (15) leads
to

dcf ¼ � sf �
Pc

j¼1
Cf

j sj þ D�1 Da
s lja þ Db

s ljb

� �� �
( )

dT

þ vf �
Pc

j¼1
Cf

j vj þ D�1 Da
vlja þ Db

vljb

� �� �
( )

dp

þ vL þ
Pc

j¼1
Cf

j vj � D�1 Da
Llja þ Db

Lljb

� �� �
( )

dP

�
Pc

i¼1

Pc

j¼1
Cf

j lji � D�1 Da
i lja þ Db

i ljb

� �� �
( )

dmi

ðII:18Þ

and

d cFAþ cFB
� �

¼� sFAþ sFB
� �

�
Xc

j¼1
CF;A

j þCF;B
j

� �(

sjþD�1 Da
s ljaþDb

s ljb

� �� �

þP @s=@Tð Þp;P;m
o
dT

þ vFAþ vFB
� �

�
Xc

j¼1
CF;A

j þCF;B
j

� �(

vjþD�1 Da
vljaþDb

vljb

� �� �

�P @s=@pð ÞT ;P;m
o
dp

þ vLþ
Xc

j¼1
CF;A

j þCF;B
j

� �(

vj�D�1 Da
LljaþDb

Lljb

� �� �

� @ Psð Þ=@P½ �T ;p;m
o
dP

�
Xc

i¼1

Xc

j¼1
CF;A

j þCF;B
j

� �(

lji�D�1 Da
i ljaþDb

i ljb

� �� �

þP @s=@mið ÞT ;p;P;mi

o
dmi: ðII:19Þ

If the phase L is assumed to be an ideal dilute solution,
then we have

li ¼ lo
i T ; pL
� �

þ RT lnmi; i ¼ 1; . . . ; cð Þ ðII:20Þ
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and

lij ¼ RT=mi; i ¼ jð Þ
¼ 0; i 6¼ jð Þ ðII:21Þ

where lo
i is the standard chemical potential of compo-

nent i in the phase L.Substituting Eq. (II.21) into Eqs.
(II.18) and (II.19) yields Eqs. (21) and (22).

Appendix III: Nomenclature

cKi number of moles of component i per unit
volume in phase K (K = A, B, L)

ci(z) number of moles of component i per unit
volume at point z

G Gibbs free energy
Dgf Gibbs free energy change associated with

adsorption at film interfaces
H enthalpy
Dhf, DhF enthalpy change associated with adsorp-

tion at film interfaces and the one at film
interface of symmetric film

DhfH, DhFH difference in enthalpy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

mi molality of component i
ni number of moles of component i

nK�
i number of moles of component i in part

K* divided by surface of tension for film
nf

i excess quantity of component i

nF;K
i excess quantity of component i ascribed to

film interface against phase K (K = A, B)
p pressure
p
L

pressure in phase L
S entropy
si partial molar entropy of component i

sK entropy per unit volume in phase K (K =
A, B, L)

s
f

excess entropy per unit film area
sFK; sHK excess entropies per unit area ascribed to

film interface and bulk one against phase
K (K = A, B)

Dsf, DsF entropy change associated with adsorp-
tion at film interfaces and the one at film
interface of symmetric film

DsK entropy change associated with adsorp-
tion at bulk interface against phase K (K
= A, B)

DsfH, DsFH difference in entropy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

T temperature
U energy

Duf, DuF energy change associated with adsorption
at film interfaces and the one at film
interface of symmetric film

DufH, DuFH difference in energy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

V volume
V
K

volume of phase K (K = A, B, L)
vi partial molar volume of component i
v
f

excess volume per unit film area
vFK; vHK excess volumes per unit area ascribed to

film interface and bulk one against phase
K (K = A, B)

vF;KK ; vF;LK parts of vFK divided by surface of tension

vH;KK ; vH;LK parts of vHK divided by surface of tension

v
L

volume of phase L per unit film area
vLK part of vL divided by surface of tension for

film
Dvf, DvF volume changes associated with adsorp-

tion at film interfaces and the one at film
interface of symmetric film

DvK volume change associated with adsorption
at bulk interface against phase K (K = A,
B)

DvfH, DvFH difference in volume change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

v
fH,L, vFH,L difference in part of excess volume per

unit area between film interfaces and bulk
ones and the one between film interface
and bulk one for symmetric film

�yfi; �yIi mean partial molar quantity of compo-
nent i in film and the one inherent in film

cf film tension
cfK; cF film interfacial tension against phase K

and the one of symmetric film (K = A, B)
cK,c interfacial tension against phase K and the

one in symmetric film system (K = A, B)
Cf

i film density of component i

CF;K
i ; CH;K

i interfacial densities of component i as-
cribed to film interface and bulk one
against phase K (K = A, B)

CF
i interfacial density of component i in film

interface of symmetric film
CI

i ; CI;K
i film densities of component i inherent in

film and portions of film region (K = A,
B, L)

CfH
i difference between film density and inter-

facial densities of component i
CFH;K

i ; CFH
i difference in interfacial density of com-

ponent i between film interface and bulk
one against phase K and the one in sym-
metric film system (K = A, B)
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li chemical potential of component i
lij partial derivative of chemical potential of

component i with respect to molality of
component j

P disjoining pressure

r film area
s distance between surfaces of tension for

film interfaces
sf thermodynamic film thickness
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