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Thermodynamic studies on thin liquid films.

I. General formulation

Abstract From the viewpoint that
thermodynamic study is essential to
elucidate the structure and proper-
ties of thin liquid films, thermody-
namic equations based on a new
convention and employing pressure
as a thermodynamic variable are
developed for adsorption at film
interfaces of a plane-parallel film.
The equations together with quasi-
thermodynamic ones correlate the
dependence of film tension on con-
centration, temperature, pressure,
and disjoining pressure to film den-
sity, entropy and volume changes
associated with adsorption, and
thermodynamic film thickness,
respectively. Based on the formula-
tion adopting pressure as a variable,
equations are also derived for the

differences in thermodynamic quan-
tity between the film and the bulk
interfaces coexisting at equilibrium.

Keywords Thermodynamics and
quasi-thermodynamics - Plane-
parallel films - Pressure as a
variable - Adsorption at film
interface - Film and bulk interface

Introduction

Properties of thin liquid films play an important role in
the stability of foams, emulsions, and suspensions [1]
and are closely related to the prewetting of interfaces [2,
3] and the diffusion through a film [4]. Thin liquid films
made from surfactant solutions form black films stabi-
lized by the adsorption of surfactants at the film inter-
faces in the presence of inorganic salts. The black films
can be a model of bilayers and the interaction between
the interfaces in the film provides direct information
about the surface forces and colloidal stability [1, 5, 6].

It is essential to obtain thermodynamic quantities of a
thin liquid film in order to elucidate structure and
physico-chemical properties of the film and interaction
between interfaces in the film. Thermodynamics of thin

liquid films has been developed by employing the film
excess convention by Derjaguin [7, 8] and the surface
excess one first by Rusanov [8, 9, 10] and subsequently
by others [11, 12, 13]. These conventions eliminate the
pressure in the phases separated by the film from ther-
modynamic variables and don’t provide information
about the volume conjugated with the pressure. Fur-
thermore, from a rigorous thermodynamic viewpoint,
fundamental equations based on those conventions are
not applicable to experimental data because film exper-
iments are usually conducted under constant pressure in
the ambient phases.

In the previous studies on adsorption at interfaces
based on the Hansen convention [14, 15, 16, 17, 18, 19,
20], pressure dependence of interfacial tension was
proved to afford the volumes associated with interface
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formation, adsorption, and micelle formation. There-
fore, thermodynamic formulation of thin liquid films
employing pressure as an independent variable based on
a new convention is highly required and the difference in
thermodynamic quantities between film interface and
bulk one is to be elucidated. This study aims to: (i) de-
velop thermodynamics of plane-parallel films by using
the convention which adopts the pressure in the phases
surrounding on both sides of the film as a thermody-
namic variable, (ii) clarify the physical meaning of the
thermodynamic quantities of a film using quasi-ther-
modynamics, and (iii) compare the resultant equations
with those for adsorption at the bulk interfaces coexis-
ting in equilibrium with the film.

Fundamental equations

Let us consider a plane-parallel film formed from phase L
between phases A and B and in equilibrium with the phases
asshownin Fig. 1a;components a,b, and /are the solventsin
the phases A, B, and L, respectively, and 1,...,c are the sol-
utes, which are taken to be nonionic for simplicity; total
number of components in the system is ¢ + 3. The effects of
gravity and line tension are assumed to be negligible. At
equilibrium, temperature 7and chemical potentials of
components fg, iy, tp1,-...1c are uniform throughout the
system. However, pressure p" in the phase L is different
from pressure p in the phases A and B. The Gibbs-Duhem
equation for the system can be expressed by

—SdT + Vdp — ady’ — n,dy,
- Z ndp; =0
=1

in the same form as the one for the corresponding system
of interface [14, 21], where S denotes the entropy of the
system, ¥ the volume, athe film area, 7' the film tension,
and ny,ny,n,n, ....nc the numbers of moles of the com-
ponents. The Gibbs-Duhem equations for the phases A,
B, and L per unit volume of phase are expressed by

— npdpy, — nydyy

(1)

—sMT +dp — caAd,ua —cp Adu, — c Ay, — Zc dy;, =0
i=1
(2)
—sBdT +dp — cgd,ua — c}}d,ub - c?d/l, - Z c?d,ui =0

7 3

and
L L L L L - L _
—s"dT +dp" — chdu, — cpdp, — cpdiy =Y chdy =0

i=1
(4)

respectively, where s and ¢; denote the entropy and the
number of moles of component i per unit volume.
Subtracting Egs. (2) - (4) multiplied by the volumes
VA VB, and Vrof the phases A, B, and L, respectively
from Eq. (1) and employing one of the conventions
developed for adsorption at the interface with a floating
liquid-lens [21], we have

dyf = —sfdT+ (vf 4+ o%)dp — -

dpt — ; Fidw,  (5)

= —s'dT 4 v'dp + o"dIT — Z Ffd,ul-

i=1

(6)

where excess quant1ty nt " of component i and the n per
unit film area, F Wthh we call film density, and the
corresponding thermodynamlc quantities Y" and »' are
defined by

M= ii/o

= (n; — VACA — VBB Vi) jo,  (i=1,....¢)
(7)
and
y=Y/o
= (Y =V = VP VRN e, r=s0)  (8)

and volume v" of the phase L per unit film area is by

©)

and for an equilibrium plane film, pressure difference
p—pUis equal to the Derjaguin disjoining pressure IT [10,
11, 22],

=p-—ph (10)
Effective disjoining pressure is zero for the equilibrium
film under con51derat1on [23]. Locat1ons of four dividing
planes, which decide 12, and V'*, were chosen so that
the film densities of all the solvents are simultaneously
Zero:

Il =0.

=1 = (11)

Equation (6) shows y' as a function of ¢+3 indepen-
dent variables 7, p, Il, uy, ...u., which is consistent
with an analogue of Gibbs’ phase rule for a capillary
system with thin liquid films [24]. It is worth noting
that the above convention is symmetric with respect to
the solvent components and in conformity with the
Hansen convention [14, 25, 26] for bulk interfaces
when the film is thick and its core is identical with the
phase L. The film excess and surface excess conven-
tions correspond to
=0 =0, TT =0,

(i=aorb) (12)
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(2) (b)
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Fig. 1 Schematic illustrations of: a a plane-parallel film formed
from the phase L between the phases A and B; b regions in the
plane-parallel film separated by the surfaces of tension and the
dividing planes. (- - -): surface of tension; ( ): dividing plane

and

=0, T = (i, j=a, borl; i # ) (13)
respectively: in the former the excess quantities of a film
are deﬁned with respect to the one dividing plane
(V'=v"=0) location of which is determined by F =0
and in the latter with respect to the two dividing planes
(v'=0) locations of which are by F =I1f= 7 =0. The set of
variables {T,upusp1, ....lie; jJ=a or b, #iin Eq. (12)} is
taken in the film excess convention and {T7.I1,uy,
Wise-nlle; K=a,b or [, # 1, jin Eq. (13)} is by the surface
excess one and p is eliminated from independent vari-
ables in both the conventions.

In order to clarify the contribution of each film
interface in a film to the thermodynamic quantities of
the film and the difference in thermodynamic quantities
between the film interface and bulk one, the Gibbs-
Duhem equation for the system can also be expressed in
terms of film interfacial tension y§ and 7§ against the
phases A and B [23, 27], respectively as

—8dT + Vdp — otdIl — olldt — ad(yi +

f_
rj=o

h)

—ng,dp, — npdy, —nydpy, — Z"idﬂ; =0
i=1

(14)
(Appendix I). In the same manner as that used to derive
Eq. (6) and replacing Eq. (1) by Eq. (14), we have
d(7 +78)

= (si —|—sg)dT + (U}Z + vg)dp

—(t — o")dIT — Mdr — i (FiF’A + FF’B)dﬂi (15)

i=1

where t is the distance between the surfaces of tension
for the film 1nterfaces Excess quantity nF Kand interfa-
cial density F Kof component i ascrlbed to the film
interface agalnst the phase K and the corresponding
thermodynamic quantities Y} and yf; are defined by

FK _ FK
I =n"/c

—VKC}(—VI%CIL)/O', i=1,...,¢

and

J’E = YK/G = (YK* VKyK VKJ’ )/

(yv=s,v; K=A, B) (17)
where #nK* and Y®" are the number of moles of
component i and the thermodynamic quantity of the
part K* of the system separated by the surface of
tension for the film, respectively. The surface of ten-
sion also divides V" into ¥\ and ¥} as shown in
Fig. 1b. By definition,

=1t 4+ 1P (18)

7 =7+ 7. (19)

We can also obtain Eq. (15) by substituting the
equation for mechanical equilibrium of the system
[27]

P =9k + 75+ e (20)

into Eq. (6). From Eq. (15) we notice that the film
interfacial tension is apparently dependent on 7 other
than T.p, TT,u,,u., and the thermodynamlc quantity of
each film interface like T} and yf cannot be obtained
separately.

From an experimental viewpoint, it is advantageous
to take T, p, I1, and the molalities of solute compo-
nents as independent variables (Appendix II). For the
case of adsorption at film interfaces from the phase L
which is assumed to be an ideal solution, Eqgs. (6) and
(15) reduce to

dyf =— <sf -3 r§s_,-> d7 + (vf -3 rj»_,-) dp
j=1 j=1

e g
=1

=

and
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d(yx+75)

sh+sp— Z (FE’A + Ff’B>Sj + H(af/aT)p,H,m] dr
=

_|_

ST SOy ‘B)vj—mar/apn,n,m] dp

+{UL +3 0 (T7A 4172 )y - o) fom) }dl‘[
j=1

[ (417 0 o
=1
(22)

respectively, where subscript m represents my,...,m, are
kept constant. Equations (21) and (22) show that
st ot FE,...7F£can be obtained from the depen-
dence of y' or 9%, v, and t on T, p, T1, my,...,m,. Ther-
modynamic equations for adsorption from the other
phases can be derived as well.

Thermodynamic quantity change associated
with adsorption and thermodynamic film thickness

Quasi-thermodynamics correlates the local thermody-
namic quantities of inhomogeneous regions like interfaces
and thin liquid films to their excess thermodynamic
quantities [14, 28]. According to the rectangular coordi-
nate system defined in Appendix I, let us make the film
region be shown by I, <z <Ig, the phase A by z < I, and
the phase B by z >Ig. The film density is expressed by

I = [ [ei(z) — B (2)]dz = fi® [ei(z) — cB(2)] dz
- (r}’*+rl‘."3+r}¢), (i=ab,l,1,....c)

(3)
where
clABL(z) :[1 —A(z + vi + Uk)]c?

+ [A(z-l— Uk) —A(z— v%)]c}

+ A(z + v — vg)cP (24)

A(z) being the step function given by Eq. (I.3) in
Appendix I. T'lis the film density of component i inherent
in the film, I TT*, and I'""are the ones in the por-
tions of the film region which is separated by the divid-
ing planes as shown in Fig. 1b and they are expressed by

Ip
r :/ ¢i(z)dz (25)
Ia
—(vR+0k)
A =ch / dz (25a)
Ia

Ig
e = CZB/ dz (25b)
vh+og
v
rh=c | de (25¢)
—ok
respectively. It follows from Eq. (11) that
=Bt (i=a,b,0). (26)

The excess thermodynamic quantity can be expressed
by

00 Ig
V= / M(z) — P (2)]dz = / [(z) — P ()] dz

&) Ia

c I
=3 [ leom@ - @le @)
where
yABE(z) =[1 — A(z + o} + k)]0t
+ [A(z—l— U,Ig) —A(z — v'ﬁ)]yL
+A(z - vg — U]];)yB (28)

and we used the relation between thermodynamic quan-
tity y and partial molar quantity y; for the bulk phase

C
Y= ZCiJ’i
i=a

and the corresponding one between y(z) and y«z) for the
film region

y(z) = Zci(z)y,-(z)

i=a

(29)

(30)
The integral in Eq. (27) can be reduced to

/ " e@mi(z) — APy (2)] dz = / @)z

Ia Ia
- [C,Ay? / R devedy [ dorchy / ! dZ]
Ia vk +ok —ok
= i3} = (TP + TP 4 T ) (31)
=T'Ay;, (i=a, b, ) (31a)
=I5 (=1..., ¢ (31b)

where mean partial molar quantities ¥ and j/if are defined
by

Iy

5= / a@@dz/ [ ez

Ia

(32)
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Ip
yi= / [ei(2)yi(2) = P (2P ()] dz/

1A

Is
/ [ex(z) — cAPH(2)]dz (33)
Ia
respectively and change Ay; in the partial molar quantity
of solvent i associated with adsorption is written by
Ay =5t = (TP + TR 4 Ty ) T (34)
The terms T'! and T¥, and 3!, and ' should be dis-
tinguished from each other because I'! and ylare the
quantities inherent in the film and I'f, and 3fare the
excess ones defined with respect to the dividing planes.
Substituting Egs. (31a) and (31b) into Eq. (27) leads
to

W =T Ay, + T Ay, + Ty, + Z riyf
i=1

(35)

We hence define thermodynamic quantity change Ay’

associated with adsorption of solutes at the film inter-
faces from the phase L by

c
A =y = Ty
i=1

=ThAy, + DAy, + DAy + ) " TH(G5 - ») (36)
i=1
On the other hand, it follows from Eq. (25¢) that
ot =Tt e (37)
1 can then be defined by
o=k 4 Z [y, =15k + Z Iy, (38)
i1 i1

where the first term in the right-hand side is the thick-
ness of film core equivalent to the phase L and the sec-
ond one the total thickness of adsorbed films at the film
interfaces reduced to the partial molar volumes of sol-
utes in the phase L. We call t'thermodynamic film
thickness because it is defined in terms of thermody-
namic quantities. The thermodynamic thickness may
correspond to the experimental thickness obtained from
an interferometric thickness measurement based on the
three-layer model of films [29, 30] which makes a film
consist of a film core and two layers ascribed to the
adsorbed films at film interfaces. The distance between
two dividing planes in the surface excess convention was
also termed thermodynamic thickness [8, 31], but there is
no confusion of their use because the difference between

the two thermodynamic thicknesses is explicit. The
thermodynamic thickness t' and the mechanical one 7
should also be distinguished from each other even if they
give a similar value for a thick film.

Substituting Egs. (36) and (38) into Eqgs. (21) and
(22), we have

As'=—(9y'/0T) , 1. (39)
==[00A +78)/07] 1, — TH(O%/OT) 1, (39a)
AS=(7/0P) 1 11, (40)
=[00)A +75)/0p) 1.1, + 11O/ OP) 1 11, (40a)
o=(0y'/oM), ,, (41)
=[0(;k + y§) /o1 rpm + 10(0) /0N, (41a)
[l=—(m;/RT)(0y"/0m;) T oIl (42)
— ~(mi/RD{ [0GX +75) /omi] 1,1,

+ H(ar/am,mln,mi}, (i=1,,c) (422)

We can obtain the entropy and volume changes asso-
ciated with adsorption at film interfaces, the thermo-
dynamic film thickness, and the film densities of solute
components by applying the above equations to the
film tension, or the film interfacial tensions and
mechanical film thickness as a function of the inde-
pendent variables.

The corresponding energy change Au' and enthalpy
change AA" can also be evaluated; combination of Eq.
(36) and the following equations
H=U-+pV —ya (43)
G=H-T1S (44)

U, H, and G being the energy, enthalpy, and Gibbs free
energy of the system, respectively, leads to

Agt = ARf — TAst (45)
and

Au' = AR — pAV" — TI<" +of (46)
Since Ag'=0 by definition,

Au' = TAs" — pAv" — TIz" 4 5f (47)
and

AR = TAs* (48)
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Difference in thermodynamic quantity between film
interface and bulk one

When a film is thin, structure and properties of the film
interfaces are different from those of the corresponding
thick film because interaction takes place between the
interfaces in the film. It is useful to see the difference in
thermodynamic properties between the film interfaces
and the adjacent meniscuses coexisting at equilibrium
because they are identical with each other when the film
is thick.

The interfacial tension yk of the phase L against the
phase K can be expressed by

C
—sHdT + o ®dp + v mdpt — > r&dy,

i=1

= —AsgdT + Adep + (Z F;I’KU_/‘ — UE"LdH
=1

dyg =

—S (RT/m; )T dm;,
i=1

(K =A, B) (49)
employing the Hansen convention and assuming the
interfaces to be spherical [32] and the phase L to be an
ideal solution. Here '™ s and v} are the interfacial
density of component i and the corresponding entropy
and volume, respectively, and UE’K and UE’L are the parts
of the I separated by the surface of tension for the
interface. Entropy change Asx and volume change Avg
associated with adsorption are defined by

C

H,K
Ay = = Ty,
i=1

Combination of Eq. (49) with Egs. (21) and (22) leads
to

AsM=—T[0(' — y5 — 75)/0T]

(y=s, v) (50)

p.ILm (5 1 )

= [8(«& — %A+ yl]j - yB)/aT]pII,m - H(af/aT)p,H,m
(51a)

AvH= [a(”/f — YA — VB)/aP] 7.0,m

= [3(%1: — YA+ 75 — VB)/aP] rom T 1(07/9p) .11 m
(52a)

(52)

52Ty, — oL = [0(5 — 5 — 73) /OT1] (53)

T.pm

= [a(V/E — A+ 7B — VB)/aH] Tom T [0(Tlx) /o11] T.pm
(53a)

T =—(mi/RT)[0()" = 7a = 78) /Omi] 1,1, (54)
:—(mi/RT){ [Q(VE —7a+78— VB)/ami] 7.p.0Lm;
+n(af/a,‘)r,pﬁn,mi}, (i=1,...,c)
(54a)

where difference F;H between the film density and
interfacial densities and the corresponding thermody-
namic quantities Ay™ are defined by

fH _ f H,A HB) _ FHA FH,B
I —rj_(rj + 1 >_Fj +1; (55)
and
AY™ =AY — (Aya + Ayg)
=M+ Ay, (y=s,0) (56)

respectively, FJFH’K and AytHbeing the differences in
interfacial density and thermodynamic quantity change
between the film interface and adjacent meniscus,

itk = ik itk (K = A, B) (57)
A" = Avg — A (58)
Ayg =y — Z %y (59)
i—1
Here we used the relation
o= zc: Fﬁvj — (vi’L + UE’L) +1 (60)
=1

and the v defined by

fH.L FH,L

L _ FH,L F,L
v =U,

HL
+ vp = Uy

_ HL
Ua

+ gt — oy (61)

F,L F.L F F q:.:
where v, and vy~ are the parts of the v, + vy divided
by the surfaces of tension for the film interfaces,
respectively, as shown in Fig. 1b.

We can obtain yf—yA—yB directly from the contact
angles between the film and the meniscuses or
78 — A + 75 — y from the ones between the film inter-
faces and the meniscuses [8, 33] if y4 and yg are known,
and then evaluate the differences in thermodynamic
quantities by applying Eqgs. (51) - (54a) to the experi-
mental results of the tension differences. The corre-
sponding differences Au™ and AA™ in energy and
enthalpy changes can be derived from Eqs. (47),
(48), (56) and the analogues of Eqgs. (47) and (48) for
meniscuses:
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Au™ = TAs™ — pA™ —T1 (Z F}Huj — M r)
=1
+9" = 7a = 78

AR = TAS™

Application to a symmetric film and the case
in which solvents are immiscible

Symmetric film

Studies of symmetric films like foam and emulsion films
are more fundamental than those of asymmetric films
because the two film interfaces in a symmetric film are
identical with each other and hence the thermodynamic
quantities of single film interface and the interaction
between the same interfaces can be obtained, unlike the
cases of asymmetric films.

For a symmetric film, let yF, y, TF, and AyFbe the
film interfacial tension, the interfacial tension of the
adjacent meniscus, the interfacial density of component i
at film interface, and the thermodynamic quantity
change associated with adsorption at film interface,
respectively. Equations (20), (18), and (36) then reduce
to

P =2yF + It (64)
rf=arf  (i=1,...0) (65)
A =205, (v=s, 0, u, h) (66)

respectively. Substitution of Egs. (64) - (66) into Egs.
(39) - (40a), (41a) - (42a), (47), and (48) gives

AsT=—(1/2)(37"/0T) . (67)
= —=(&"/01),,, — (1/2)1(0%/0T), 1, (67a)
AvF=(1/2)(8y"/op) - (68)
=(07"/0p) 1, + (1/2)11(0/Op) 1 11, (68a)
= (&yF/om),  + [0(M) /0T, (69)
L =—(1/2)(m:/RT) (3" /Omi) 1, 11, (70)

= —~(m/RT) | (97" /0m) ., 1, +(1 /21O Om) 1.
(i=1,....c) (70a)

Au" = TAs" — pAd™ — (1/2)TI(z" — 1) +9F (71)
ARF = TAs* (72)
Equations. (55), (56), and (61) similarly reduce to
= ortH (73)
Ay™ = 2AyFH (74)
and

JHL _ 5 FHL (75)

respectively, where TTHis the difference in interfacial
density of component i between the film interface and
the meniscus and Ay'His the corresponding difference in
thermodynamic quantity change associated with
adsorption. Substituting Egs. (73) - (75) into Egs. (51) -
(54a), (62), and (63) we have

AstM=—(1/2)[0(y" — 29)/0T] , 1., (76)
=—[0(sF =) /aT}pﬁn’m - (1/2)(07/0T) ,,, ~ (76a)
AvM=(1/2)[0(y" ~ 27) /O] 1 1y, (77)
=[00" =)/0p] .11,y + (1/2)IL(0T/p) 11, (77a)

ZC: Iy oFBE 4 (1/2)1=(1/2)[0()" — 27) /o1 T.pm
=1 B

(78)
=[0(F =) /oM, + (1/2)[0(TTx) /oM, (78a)
TP =—(1/2)(m;/RT)[0(y" — 27) /Om;] T oIl (79)
=—(m;/RT)

{ DG =) /om0 + (/2TD8/0m) 1, }
(i=1,...,c) (79)
At =TASH — pAtH — 1T (i FjFij — UFH’L>
+9F -y (80)
AufH = TAsFH (81)

Case in which solvents are immiscible

When the solvents are practically immiscible among one
another and the phase L is not necessarily an ideal
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solution, the concentrations of solvents in the phases A,
B, and L are assumed to be zero except ¢, B, and ck,
and Eq. (I.17) in Appendix II then reduces to

dy; = s;dT + v;dp — v;dTT + Z pyjdm;
j=1

Substituting Eq. (82) into Eqgs. (6) and (15), we obtain
the same equations as Egs. (39) - (41a) and

(82)

Z i = — (00 Omy) (83)
= [a('})i + ‘yg)/aml} Tpm H<8T/8mi)T,p,H,m,'7

(i=1,...,¢) (83a)
Since
rA=r., rt=r, rt=r (84)
and thereby from Eq. (34)
Aya =3 =32 D=3 —y5, Mi=3 = (85)
Eqgs. (36) and (38) reduce to
A =T (5, —32) + Ty — ) + 113 =)

+> T —») (86)
i=1

and
t=T/ck+ Z Iy, (87)

i=1

respectively. The right-hand side of Eq. (86) is the
change in thermodynamic quantity upon the formation
of film interfaces from the given phases, hence we call
Ayf the thermodynamic quantity of film-interface for-
mation. The first term in the right-hand side of Eq. (87)
just corresponds to the film core thickness in the three-
layer model of films. Au' and AA" are given by the same
equations as Eqs. (47) and (48), respectively.

Equations for the difference in thermodynamic
quantity between film and meniscuses are identical with
those in the case of an ideal solution and those for the
difference between film density and interfacial densities
are expressed by

Z ernujl -

=—[0(/A —a+75—78)/Omi] 1 11—
(i=1,...,¢).

y 7'))A7VB)/8mlj|TpHm (88)

(88a)

I1(0t/0m;) T.p.m;

Appendix |

Let us consider the hypothetical system mechanically
equivalent to the actual system, which consists of three
phases A, B, and L and two surfaces of tension for the
film interfaces at which film interfacial tension is defined
as shown in Fig. 1b. We define a rectangular coordinate
system (X, y, z) with the z axis normal to the plane-
parallel film and directed from the phase A to the phase
B and with the (x, y) plane at the surface of tension for
the film; positions of the syurfaces of tension for the ﬁlm
mterfaces are at z= CDA + vA 2 and z = vk + u
Then the work W done on the syst

is given by

m by a small stram

5W=—/ // (prexx + preyy —I—pNeZZ)dxdydz

:—/ / /pABL (exx +e, + ezz)dxdydz
+/ ABL dz// exx+eW dxdy
— {p/ / / (exs + ey + e.:)dxdydz

b+b
+(pL_p/ Lt FL // xx T €y dXdy‘|

+{ [ (; (p*" — pr)dz+ /0 (P - pr)dz]

// (exx +6W)dxdy

——poV + ITtdo + (75 + 95)do (L1)
where pr is the tangential component of the pressure
tensor at z, directed along the film, py is that normal to
the film, and e,,.e,,, and e.. are the diagonal compo-
nents in the matrix of strain tensor. From the condition
of mechanical equilibrium, px can be expressed by

n(2)=p ()
:[1 —A(Z—I—UA—&-UEL)p}

+[A(z+vk+vi’]“) —A(z—v{; —ng)pL}

+4 (z — v — vg L)p (1.2)
A(z) being the step function
A(z)=1,(220)
=0,(z<0). (1.3)
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Here we used the relations

0
A= [ ox-pra: (14)

and
OV = [ [ [ (ew + ey + e-)dxdydz,
oo = [ [ (e + €))dxdy,

[34].
For the internal energy U of the system, we have from
Eq. [I.1]

dU =TdS — pdV + Mrdo + (75 +75)do

"/§=/Ooo(pN—pr)dZ

(L.5)

+p,dng + wdny 4+ p,dn; + Z wdn;. (1.6)

i=1

The enthalpy H and Gibbs free energy G are defined by

H=U+pV—Ttw— (Y5 +15)0 (1.7)
and
G=H-T8S. (1.3)
Hence
dG =—8dT + Vdp — gtdIl — oIldt — ad (7} + 73)
c

+p,dng + wpdny, + wdn; + Z wdn;. (1.9)
It follows by Euler’s theorem that
G = natty + Moty + nipty + > migy (1.10)

i=1

Combination of Eqgs. (1.9) and (I.10) yields Eq. (14).

Appendix Il

The chemical potential of component i can be expressed
by

dp=sdT + v dp + phpdml) + pydm? +ZuAdm (I1.1)

=—sBdT + vBdp+pBdm®? + 1 BdmPB + Z ppdm?  (11.2)
C
=—s5,dT + v, dp" + p, dm, + wpdmy + Z wdm;,
=
(i=a, b I, 1,..., ¢ (11.3)

where m?, m®, and m; denote the molalities of compo-

nent 7 in the phases A, B, and L, respectively,

v, ¥B, and y, the corresponding partial molar quanti-
ties, and p ,ulj, and y;; the corresponding partial
derivatives o the chemlcal potential of component i with
respect to the molality of component j at constant
temperature and pressure defined by

:ulj = (6#,/6”’!/)’"’

subscript m; denoting all the molalities except m;
being kept constant. Let us consider the adsorption at
film interfaces from the phase L and take T, p, II,
my,...,m. as experimental variables of the system.
Combinations of Eq. (I1.3) with Eqgs. (II.1) and (I1.2)
yield

(IL.4)

C
piadmg + ppdmy — piydmiy — pirdmit — 37 piydm}
=1

= —(s} —5,)dT + (v} — v;)dp + v,dIT — ; p;dm;
(IL5)
and
fiadma + pipdmy — pi,dmg — pidmp — Z pidm}
= —(sP —s5)dT + (v® — v;)dp + v,dIT — chzl p;;dm;
(IL6)

Adding the sum of Eq. (I1.5) multiplied by m®*and the
one of Eq. (I.6) by mPyields

<Z miK:uia) dm, + <Z miK:uib> dmy,

- ZL:mIK l— (sK —s5;)dT+ (v —v;)dp+ v;dIT — Zcz,uijdmj :
i=a Jj=1

(K=A,B)
(11.7)

where we used the Gibbs-Duhem equations for the
phases A and B at constant 7Tand p,

Zm ,ul]— , (U=a b, 1, 1,...,¢; K=A, B)

(11.8)
Equation (I1.7) can be rewritten as
D¥dm, + D dmy, = —D¥dT + DXdp + DfdII

~Y DFdmi(K=A, B)  (IL9)
=1
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where DX, DY, and Dfdenote

DK _m a Haj +mb Mb]+ml Hyj

+Zm I/Llj 7

b, 1,...,c; K=A, B) (IL10)

DX = m¥ (5% = ya) + mf (v — ) + mf (5 = »1)

C
+> mf(F —3) (v=s v K=A, B) (IL11)
=1
Df = mSv, + myvy +miv; + Zm}(vi, (K=A, B)
=1
(IL12)
respectively, or in the matrix form
DY DM\ (dm, DA DA D} DY DA
D D )\dm,) \DB DB DB DB DP
— dr
dp
drI
o . (IL13)
— dm,

Hence we have the dependence of m, and m; on T, p, I1,
miy,...,m,

dm, = D! (ngr + D{dp + D{dIl — ZDjdmj>
J=1

(I1.14)

C
dm, =D (—Dde + Didp + DydIl — ZDfdm_,>
=1

(I1.15)

where D, D, Df, D, and D%, (k = a, b)are the deter-
minants:

_|\py Dy ., |DP Dy
D= DB DB P X DB DB ’
a b X b
DA DA
Df: D['; D)é ,(x=s,0, L, 1,...,¢) (11.16)

Eliminating d m, and d m, in Eq. (I1.3) by use of Egs.
(IT.14) and (I1.15), we have

[s, + D~
[vi+ D~
[vl D~
+> |y =D

J=1

! (Da:uta + Db:utb)]dT
: (Dalula + Db:ulb)] dp
! (Diﬂta + DL#[b)] dH

+

o

(D;l.uia + D_?#ib)} dm;. (11.17)

Substitution of Eq. (I.17) into Egs. (6) and (15) leads
to

d)f = _{sf = S T[54 D7 (Dh + D) }dT

=1

+euf —
J
C

-

Il
-

oy + D7 (Do, + Dhugy) ] }dp

+4 ot ; oy - (D‘iu]ﬁDLu,b)]}

—2 {Z} 1"5 [,uﬁ - D! (Dj-l,uja + Dﬁ’,uﬂ, dm;
i=1 | j=

(I1.18)

and

FA , -F.B
Z(FJ +T; )

AG5+9E) - { £ +sh)
s+ D~ (D +Dly)]
+I(9/0T), 1, }AT
+{ (vi +vp) — Z (FE’A + FJF"B>

=
[0+ D7 (Dl + Do )]
~T1(9t/0p) 11,0} dp
+{UL + Z (rf*A + rf-B)
=

[0 =D~ (Df pju + D7 )]
—[(IT7) /A1] }dn

T p,m

SHMNCATE
=1 =1

[ = D™ (Df pja + D )
H(af/ami)T,p,er,}dmi'

If the phase L is assumed to be an ideal dilute solution,
then we have

(I1.19)

W= (T,p") +RTIlnm;,  (i=1,...,¢) (11.20)
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and

Hij
= 07

= RT/mi,

(i=J)

oy (IL.21)

where ufis the standard chemical potential of compo-
nent i in the phase L.Substituting Eq. (I1.21) into Egs.
(I1.18) and (11.19) yields Egs. (21) and (22).

Appendix ll:

K
Ci

ci(z)

G
Ag

f
Hf
AL, ARY

Ath, AKFH

N

Nomenclature

number of moles of component i per unit
volume in phase K (K = A, B, L)
number of moles of component i per unit
volume at point z

Gibbs free energy

Gibbs free energy change associated with
adsorption at film interfaces

enthalpy

enthalpy change associated with adsorp-
tion at film interfaces and the one at film
interface of symmetric film

difference in enthalpy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

molality of component i

number of moles of component i

number of moles of component i in part
K* divided by surface of tension for film
excess quantity of component i

excess quantity of component i ascribed to
film interface against phase K (K = A, B)
pressure

pressure in phase L

entropy

partial molar entropy of component i

entropy per unit volume in phase K (K =
A, B, L)

excess entropy per unit film area

excess entropies per unit area ascribed to
film interface and bulk one against phase
K (K = A, B)

entropy change associated with adsorp-
tion at film interfaces and the one at film
interface of symmetric film

entropy change associated with adsorp-
tion at bulk interface against phase K (K
= A, B)

difference in entropy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

temperature

energy

f F
Au, Au
fH
Au, Auft
VK
V
Vs
f
v
F H
Vs VK
FK _FL
yHK .
L
v
L
YK
Av, AVF
AVK
fH
Av o, AVPH

fH,L
poe VFH,L

[REE

rfex,

energy change associated with adsorption
at film interfaces and the one at film
interface of symmetric film

difference in energy change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

volume

volume of phase K (K = A, B, L)
partial molar volume of component i
excess volume per unit film area

excess volumes per unit area ascribed to
film interface and bulk one against phase
K (K = A, B)

parts of vk divided by surface of tension
parts of vl divided by surface of tension

volume of phase L per unit film area
part of v" divided by surface of tension for
film

volume changes associated with adsorp-
tion at film interfaces and the one at film
interface of symmetric film

volume change associated with adsorption
at bulk interface against phase K (K = A,
B)

difference in volume change between film
interfaces and bulk ones and the one be-
tween film interface and bulk one for
symmetric film

difference in part of excess volume per
unit area between film interfaces and bulk
ones and the one between film interface
and bulk one for symmetric film

mean partial molar quantity of compo-
nent / in film and the one inherent in film
film tension

film interfacial tension against phase K
and the one of symmetric film (K = A, B)
interfacial tension against phase K and the
one in symmetric film system (K = A, B)
film density of component i

interfacial densities of component i as-
cribed to film interface and bulk one
against phase K (K = A, B)

interfacial density of component 7 in film
interface of symmetric film

film densities of component i inherent in
film and portions of film region (K = A,
B, L)

difference between film density and inter-
facial densities of component i

difference in interfacial density of com-
ponent i between film interface and bulk
one against phase K and the one in sym-
metric film system (K = A, B)
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Wi chemical potential of component i film area
ij partial derivative of chemical potential of 7 distance between surfaces of tension for
component i with respect to molality of film interfaces
component j T thermodynamic film thickness
IT disjoining pressure
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